Abstract. Manifolds admitting positive sectional curvature are conjectured to have a very rigid homotopical structure and, in particular, comparatively small Euler charateristics. However, this structure is still highly speculative and best results in this direction are known under the assumption of large isometric torus actions.
Introduction
The question of whether a given smooth manifold admits a Riemannian metric with positive sectional curvature is nearly as old as the subject of Riemannian geometry itself. The classical Gauss-Bonnet theorem
relating the sectional curvature K of a compact surface M to its Euler characteristic, χ(M ), can be considered a first classification theorem of that kind: The only compact 2-manifold of positive curvature is the 2-sphere or the real projective plane. Moreover it poses one of the motivational questions for this article: To which degree does positive curvature determine the Euler characteristic? We shall approach an answer to this under mild symmetry assumptions.
Given the historic dimension of the topic, it is somewhat surprising that there exists few known examples of smooth manifolds admitting such metrics. In fact, besides the rank one symmetric spaces S n , CP n , HP n and Ca P 2 , there are no known simply connected manifolds in dimensions above 24 that admit metrics with positive sectional curvature. See Ziller [30] for a survey of known examples and [7, 14, 22] for recent examples in dimension seven.
The complementary task of proving that certain manifolds do not admit a positively curved metric has proven just as difficult. Indeed, for simply connected manifolds that admit a nonnegatively curved metric, there is not a single example that is known not to admit positive sectional curvature. The famous conjecture of Hopf that S 2 × S 2 does not admit a positively curved metric, and the fact that it remains open, illustrates how little is known about this question.
The only known obstructions to simply connected manifolds admitting positive sectional curvature are already obstructions for weaker curvature properties. For example, due to Lichnerowicz-Hitchin, a non-vanishingÂ-genus (respectively α-invariant) obstructs the existence of a metric of positive scalar curvature given on a compact spin manifold. Note that a metric of nonnegative scalar curvature can be deformed to a metric of positive scalar curvature. Another example is the Gromov Betti number bound stating that a compact manifold M n that admits a nonnegatively curved metric satisfies dim H i (M ; F) < C(n) for all coefficient fields F, where C(n) is a constant depending only on n. In particular, this implies an upper bound, albeit a large one, for the Euler characteristic of M .
A conjecture corresponding nicely to this bound is due to Bott. It states that a compact n-manifold admitting (almost) nonnegative sectional curvature is (rationally) elliptic. A consequence of this would be that the Betti numbers are bounded by those of the n-torus, that is, the conjecture would imply that the Gromov constant C(n) could be taken to be 2 n , as conjectured by Gromov. For simply connected n-manifolds, the Bott conjecture would imply χ(M ) ≤ 2 n/2 , as is the case for a product of two-dimensional spheres.
Another crucial conjecture in the field is the conjecture by Hopf claiming that the Euler characteristic of a positively curved manifold of even dimension is positive. However, general confirmations of all of these conjectures remain elusive.
Fortunately, a research program initiated by Karsten Grove in the 1990s has been breathing new life into these problems for two decades. The idea is to restrict one's attention to positively curved metrics that admit large isometry groups. One important notion of "large" might be that the isometry group acts transitively or with codimension one principal orbits (see Verdiani [26] and Grove-Wilking-Ziller [15] ), or simply that the dimension of the isometry group is large (see Wilking [28] ). For an application to the Hopf conjecture, see Püttmann and Searle [23] .
The measure of symmetry we will consider in this paper is the symmetry rank, which is the rank of the isometry group. Many topological classification results of varying strengths (diffeomorphism, homeomorphism, homotopy etc.) have been proven under the assumption that the symmetry rank is sufficiently large. See Grove [12] or Wilking [29] for surveys, as well as Theorems 1.1 and 1.2 for prototypical examples of such results.
Our first result provides improved upper bounds for the Euler characteristic in the presence of symmetry.
Theorem A. Let M n be a closed, one-connected Riemannian manifold with even dimension and positive sectional curvature. If a torus T of dimension at least log 4/3 (n) acts effectively and isometrically on M , then
.
Here b i (M T ) denotes the i-th Betti number of M T , the fixed-point set of the T -action on M . We would like to remark that the upper bound in Theorem A is less than 2 3(log 2 n) 2 (for n ≥ 4), which is asymptotically less than 2 n/2 . Hence even a confirmation of the Bott conjecture would not imply the theorem.
This result is consistent with the belief that a stronger upper bound for χ(M ) or b 2i (M ) holds for positively curved manifolds. Based on the known examples, it is possible, if a bit optimistic, to conjecture that
for any connected, positively curved n-manifold M . Since
Conner's theorem (see Theorem 1.3), it would follow from this conjecture that
• the number of components of M T is also at most n 2 + 1. Our next result provides estimates for these two quantities under the assumption of an arbitrary linear symmetry rank bound.
Theorem B. Let α ≥ 3 be an integer, and let M n be an even-dimensional, one-connected, closed Riemannian manifold with positive sectional curvature.
If a torus T acts effectively by isometries with dim(T ) ≥ n 2α + 2 log 2 n 2α + α + 3, then M T has at most a α n + 1 components and
where a α = 3 · 2 α−4 /α and b α = 1 + 1/(2 α−3 − 1).
We make the following remarks in order to put Theorem B in context:
• Had we allowed α = 1 in the statement, the assumption on T would imply dim(T ) > n 2 (for n > 0). This contradicts the maximal possible symmetry rank (see Theorem 1.1), so we excluded this case.
• For α = 2, the assumption implies dim(T ) ≥ n 4 + 1 (for n > 0). In this case, we already have Wilking's homotopy classification (see Theorem 1.2). In particular, sharp bounds hold for b 0 (M T ) and b 2i (M T ). Unfortunately, the formula for the constant a α shows that a 2 = 3/8, so we cannot include the α = 2 statement in the theorem.
• For α = 3, the assumption implies dim(T ) ≥ n 6 + 2 log 2 n 4 + 1. In this case, we extend Wilking's cohomology classification (see Theorem 1.2) to hold for all n. All of the substantial work is contained in the original proof of Theorem 1.2. We simply adapt it to cover the cases n < 6000 using the stronger symmetry assumption (see Lemma 4.1) .
In particular, we obtain a sharp upper bound for b 0 (M T ), which is reflected in our result by the fact that a 3 = 1 2 . Similarly, the sharp bound for b 2i (M T ) holds. This too is included in our result if we allow ourselves to set log b 3 n = 0 in this case, which is reasonable since log bα n → 0 as α → 3 from above.
• The α = 4 case is the first which provides a truly new bound. For clarity, we restate the result in this case: If M 2n is a closed, oneconnected, positively curved manifold, and if a torus T acts isometrically on M with
then M T has at most 3 2 χ(CP n ) components and
• For all α, the result implies b 0 (M T ) ∈ O(n) and χ(M ) ∈ O(n log n) under the assumption that dim(T ) grows linearly in n = dim(M ).
Before entering into a discussion of the proof techniques, we would like to state a few corollaries that follow easily from the above results, their proofs, and the tools we use in these proofs (see Section 1).
As mentioned above, Hopf conjectured that there is no metric of positive curvature on S 2 × S 2 . In that spirit we can provide the following restriction on the existence of positively curved metrics on Cartesian products.
Corollary C (Stable Hopf conjecture with symmetry). Let M n be a closed, one-connected Riemannian manifold with even dimension, positive sectional curvature, and symmetry rank at least log 4/3 n.
We remark on the name of the corollary. In the first conclusion, we may start with and m-manifold N and consider positively curved metrics on N ×k = N × N × · · · × N with symmetry rank log 4/3 (dim(N ×k )). The conclusion in this case is that k < 3(log 2 (km)) 2 , which again cannot be true for arbitrarily large k.
We remark that Gromov's established Betti number bound, his conjectured bound, and the bound b i (M n ) ≤ 2 n/2 coming from the combined Bott-Hopf conjecture do not yield a statement similar to the first case. However, they provide a bound in the second case, which we improve in the presence of symmetry.
We also remark that the key tool is the two-sided bound on the Euler characteristic we get by combining Theorem A and Corollary E below. There is therefore a corresponding statement that uses Theorem B. In the second statement, we make the assumption χ(N ) = 2 as a means of ensuring that the connected sum is nontrivial.
Due to the multiplicativity of the Euler characteristic in fibrations, the ideas behind the corollary allow for an application to iterated fibrations. Let us give one example of that kind: Suppose given simply connected compact homogeneous spaces
with rk G i = rk H i and such that we have a family of fibrations
for i = 1, . . . , k. Set n := i n i . Then for k large, M k cannot carry a metric of positive curvature and symmetry rank at least log 4/3 (kn). See Section 6 for proofs, as well as other related statements.
The subsequent corollary is an improvement of [21, Theorem A]:
Corollary D. Suppose M n has the rational cohomology of a one-connected, compact symmetric space N . If M admits a positively curved metric with symmetry rank at least 2 log 2 n+7, then N is a product of 0 ≤ s < 3(log 2 n) 2 even-dimensional spheres times either a rank one symmetric space, a rank two Grassmannian SO(2+q)/SO(2)×SO(q), or a rank three Grassmannian SO(3 + 2q)/SO(3) × SO(2q).
In particular, N has rank less than 3(log 2 n) 2 + 3.
The main new content of this corollary is that Theorem A implies an upper bound on the number of spherical factors. We prove this corollary in Section 6.
One generalization of Hopf's conjecture on S 2 × S 2 is that a symmetric space that admits positive curvature has rank one. This corollary can be seen as further evidence for this conjecture.
The next corollary copes with the question under which assumptions we obtain a general confirmation of the Hopf conjecture, i.e. χ(M ) > 0. It also provides a window to lifting the Betti number information about M T to Betti number information about M : Corollary E. Let M n be an even-dimensional, one-connected, closed Riemannian manifold with positive sectional curvature. Assume T is a torus acting effectively by isometries on M such that (1) dim(T ) ≥ 2 log 2 n − 2 and n ≡ 0 mod 4,
dim(T ) ≥ 2 log 2 n + 2 and the Bott conjecture holds, or (4) M T has an isolated fixed point and M is rationally elliptic, then b 2i+1 (M T ) = 0 and χ(M ) ≥ 2. If moreover the action of T is equivariantly formal, then
under the assumption dim(T ) ≥ log 4/3 n.
We remark that b 2i+1 (M T ) = 0 already follows from the first assumption by Theorem A in [20] . We include it here for completeness. For the best known general result if n ≡ 2 mod 4, see Rong and Su [24] .
We remark that the formality of the action follows immediately, if M is rationally elliptic with positive Euler characteristic, since in this case the odd Betti numbers vanish. We also remark that Theorem B provides another upper bound for b 2i (M T ) under the assumption of equivariant formality. For a proof of the corollary we refer the reader to Section 5.
As a spin-off of our considerations concerning the Euler characteristic let us state a direct corollary of the proof of Theorem A dealing with the vanishing of the elliptic genus Φ(M ) of a positively curved manifold M with symmetry. Recall that the elliptic genus
of an oriented connected compact manifold X n with n ≡ 0 mod 4 is a Laurent series in the variable q with coefficientsÂ(X),Â(X, T C X), A(X, 2 T C X), etc. We refer the reader to [18] for an introduction to index theory.
Theorem F (Elliptic genus). Let M n be a closed, simply connected manifold with n ≡ 0 mod 4. Assume M admits a metric with positive sectional curvature and symmetry rank at least log 4/3 n.
(1) If M n is spin, then the first n/16 coefficients of its elliptic genus vanish unless M has 4-periodic cohomology. For the proof see section 7. A statement similar to Theorem F was recently independently announced to us by Nicolas Weisskopf.
The techniques we use are summarized in Section 1. They build upon methods originally developed in the first named author's Ph.D. thesis [1] and the second author's Ph.D. thesis (see [20, 21] ). In particular, Wilking's connectedness lemma and the resulting periodic cohomology play a role. To sharpen these tools, we prove a number of results that provide sufficient conditions for a manifold to have 4-periodic rational cohomology (see Proposition 1.11, Lemma 3.1, and Lemma 4.3).
A key aspect of the proofs involves finding bounds on the topology of the fixed-point set M T of the torus action. A priori, M T might have many components of varying complexity. We want to draw the reader's attention to the fact that the methods by which we cope with this problem in Theorem A are distinct from the ones we develop in Theorem B, where a suggestion by Burkhard Wilking becomes of importance.
Structure of the article. In Section 1, we review the required tools and prove a couple of general propositions using them. In Section 2, we state Theorem 2.1 and show how it implies Theorem A. In Section 3, we prove Theorem 2.1. Section 4 is devoted to the proof of Theorem B, Section 5 to Corollary E, Section 6 to Corollaries C and D, and Section 7 to Theorem F.
Preliminaries
We begin by stating two important results referenced in the introduction. Both results will serve as the foundation for our inductive proofs over dimension. We remark that we have restated the results in a way that will best serve us in our proofs. Theorem 1.1 (Maximal symmetry rank classification, Grove-Searle [13] ). If T r acts effectively by isometries on a closed, one-connected, positively curved Riemannian manifold, then r ≤ with equality only if M is diffeomorphic to S n or CP n/2 . Theorem 1.2 (Wilking, [27] ). Let M n be a closed, one-connected Riemannian manifold with positive sectional curvature and symmetry rank r.
• (Homotopy classification) If r ≥ n 4 + 1 and n = 7, then M is homotopy equivalent to S n , CP n/2 , HP n/4 , or CaP 2 .
• (Cohomology classification) If r ≥ n 6 + 1 and n ≥ 6000, then (1) M is homotopy equivalent to S n or CP n/2 , (2) M has the integral cohomology of HP n/4 , (3) n ≡ 2 mod 4 and, for all fields F, the cohomology algebra of M with coefficients in F is isomorphic to either H * (CP n/2 ; F) or H * (S 2 × HP n−2 4 ; F), or (4) n ≡ 3 mod 4 and, for all fields F, the cohomology algebra of M with coefficients in F is isomorphic to either H * (S n ; F) or
We remark that Wilking's homotopy classification was aready known for n < 7 by Theorem 1.1 and for n ∈ {8, 9} by the homeomorphism classification of Fang and Rong under the assumption of almost maximal symmetry rank, i.e. r ≥ n 2 − 1 (see [8] ). For n < 6000, see Lemma 4.1 Next, we state a number of results whose importance to the Grove research program is already well established.
The first statement will allow us to pull some information about M T up to M , while the second and third results will allow us to push information about M or its submanifolds down to M T . Theorem 1.4 (Berger, [3, 13] ). Suppose T is a torus acting by isometries on a closed, positively curved manifold M n . If n is even, then the fixed-point set M T is nonempty, and if n is odd, then a codimension one subtorus has nonempty fixed-point set.
Theorem 1.5 (Frankel's theorem, [11] ). Let M n be a closed, compact Riemannian manifold with positive sectional curvature. If N n 1 1 and N n 2 2 are totally geodesic submanifolds of M with n 1 +n 2 ≥ n, then N 1 ∩N 2 is nonempty.
The bound on the dimensions of N 1 and N 2 is equivalent to the bound n − k 1 − k 2 ≥ 0, where k i is the codimension of N i . This result was greatly improved by Wilking [27] : Theorem 1.6 (Connectedness lemma). Suppose M n is a closed Riemannian manifold with positive sectional curvature.
induced by inclusion is an isomorphism for i < h and a surjection for i = h, and the map
induced by inclusion is an isomorphisms for i < h and an injection for i = h.
Given a highly connected inclusion of closed, orientable manifolds, applying Poincaré duality to each manifold produces a certain periodicity in cohomology (again see [27] ):
This periodicity is especially strong when l = 0. For example, because M is connected, x i generates H ik (M ; Z) for 0 < i < n − k. We call this property periodicity (see [20] ): Definition 1.8. For an integer k > 0, a ring R, and a connected space M , we say that H * (M ; R) is k-periodic if there exists x ∈ H k (M ; R) such that the map H i (M ; R) → H i+k (M ; R) induced by multiplication by x is surjective for 0 ≤ i < n − k and injective for 0 < i ≤ n − k.
Examples of manifolds with periodic cohomology include spheres, projective spaces, and some products such as S 2 × HP m or N × CaP 2 for any manifold N of dimension less than eight.
In practice, we conclude periodicity from the connectedness lemma and Theorem 1.7. Specifically, if N 1 and N 2 intersect transversely as in part (2) of the connectedness lemma, then H * (N 2 ; Z) is k 1 -periodic. It follows that the rational cohomology of N 2 is also k 1 -periodic. The following refinement of this rational periodicity was proven in [20] : While the connectedness and periodicity theorems have no symmetry assumptions, their main use has been to the study of positively curved manifolds with large symmetry. Indeed, fixed point sets of isometries are totally geodesic, and with enough isometries, one can guarantee the existence of totally geodesic submanifolds with small codimension and pairs of submanifolds that intersect transversely. We will return to how one does this in a moment. For now, we state an application of these ideas proven in [21, Theorem 2.2]: Theorem 1.10. Let n ≥ c ≥ 2 be even integers, and let M n be a closed, one-connected manifold with positive sectional curvature. Assume T is a torus acting effectively by isometries on M such that
We will use this theorem in the proof of Corollary E. For now, we combine it with Theorem 1.7 to prove the following observation, which will serve as a convenient tool in our proofs of Theorem B: Proposition 1.11. Let M n be a closed, one-connected manifold with positive sectional curvature. If M both contains a totally geodesic submanifold of codimension k ≤ n+2 4 and has symmetry rank at least 2 log 2 n +
Proof. By Theorem 1.7, the existence of a codimension k totally geodesic submanifold implies that there exists y ∈ H k (M ; Q) such that the maps
given by multiplication by y are injective for k − 1 < i ≤ n − 2k + 1 and surjective for k − 1 ≤ i < n − 2k + 1.
Next by Theorem 1.10 with c = k + 4, the symmetry rank assumption implies the existence of x ∈ H 4 (M ; Q) such that the maps H i (M ; Q) → H i+4 (M ; Q) are surjective for 0 ≤ i ≤ k and injective for 0 < i ≤ k. In particular, y = ax k/4 for some a ∈ Q. We claim that x induces periodicity in H * (M ; Q).
We first show that it suffices to show injectivity of the multiplication maps H i (M ; Q) → H i+4 (M ; Q) for 0 < i < n − 4. Indeed, Poincaré duality would imply that the Betti numbers satisfy
for all 0 < i < n − 4, hence the injective maps H i (M ; Q) → H i+4 (M ; Q) must be isomorphisms for dimensional reasons. Since the map H 0 (M ; Q) → H 4 (M ; Q) is already known to be surjective by our choice of x, the proof would be complete.
We now prove that multiplication maps
4 , the four cases that follow constitute a proof:
follows from two facts. The first is that
is injective for these values of i. The second is that multiplication by y factors as multiplication by x followed by multiplication by ax k/4−1 .
• If 2k ≤ i ≤ n − k − 3, the injectivity of the map H i (M ; Q) → H i+4 (M ; Q) follows from the fact that
is a composition of injective maps that equals the composition
the first map of which is an isomorphism.
be a nonzero element. By Poincaré duality, there exists w ∈ H n−i such that zw = 0. The estimate 4 ≤ n−i < k+4 implies that w = xw for some w ∈ H n−i−4 by the surjectivity property of x. Hence 0 = zw = z(xw ) = (zx)w , which implies xz = 0, completing the proof.
The final tool we need to introduce, used for the first time in the subject in [27] , is the theory of error-correcting codes. The specific result we use from this theory is the Griesmer bound. Lemma 1.8 in [21] uses this bound to prove the existence of totally geodesic submanifolds N such that the inclusions N ⊆ M are c-connected. We adapt this proof, at the suggestion of B. Wilking, to prove the existence of such a submanifold which has the additional property that it contains a controlled number of fixed points in M T . Proposition 1.13. Let n ≥ c ≥ 0 be even. Suppose a torus T r acts effectively and isometrically on a closed, connected, positively curved manifold M n . If x 1 , . . . , x t ∈ M are fixed points of the T r -action on M , and if
then there exists a nontrivial involution ι ∈ T r and a component
of the x i .
The t = 1 statement is essentially Lemma 1.8 in [21] , and it implies that we can cover each fixed-point component of M T by a component of a fixedpoint set of an involution with dimension at least n/2. An argument using the fact T r has only 2 r involutions, together with Frankel's theorem, will be the key step in the proof of Theorem A.
The conclusion for general t will be the key step in proving the first conclusion of Theorem B (see Lemma 4.4) . By iterated used of this proposition, one could find involutions ι 1 , . . . , ι h ∈ T r and components
2 for all i, and
A variation of this idea will be used in the proof of the second assertion of Theorem B (see Lemma 4.5 and its proof).
Proof. Choose a basis for each T x i M so that the isotropy representation
has the property that the Hamming weight of the image of ι ∈ Z r 2 is half of the codimension of M ι x i . Consider the direct sum T r → SO t i=1 T x i M of the isotropy representations at x 1 , . . . , x t . Restricting to the involutions in T r , we obtain a homomorphism
Let π i denote the projection of the direct sum onto the i-th summand of Z n/2 2 . The Hamming weight of the image of ι ∈ Z r 2 under the composition of the isotropy representation and π i is half the codimension k i of M ι x i . Set k = k i . We claim that a nontrivial ι ∈ Z r exists with k ≤ t(n−c) 2 . Assuming this for a moment, we conclude the proof. Relabel the x j so that the codimensions k j = cod(M ι 1 x j ) are increasing in j. Using Frankel's theorem together with the estimate
intersect. Hence they are, in fact, the same component. Since we also have
2 and contains at least t+1 2
of the x j . This concludes the proof given the existence of ι ∈ Z r as above.
We proceed by contradiction to show that some nontrivial ι ∈ Z r exists with k ≤ t(n−c)
for all nontrivial ι ∈ Z r 2 . Applying Griesmer's bound, we obtain
We estimate the sum on the right-hand side as follows:
Rearranging, we conclude that
But this contradicts the assumed bound on r, so the result follows.
2. Deriving Theorem A from Theorem 2.1
In this section, we state Theorem 2.1, which is the most general version of Theorem A we can prove. We then state Lemma 2.2 and show how to derive Theorem A from these results. Finally, we comment on the quality of the approximation provided by Theorem A, illustrate the result graphically, and prove Lemma 2.2. The proof of Theorem 2.1 is postponed until Section 3.
In order to state Theorem 2.1, we require two definitions: Set s(n) = log 2 n + log 2 (n + 2) − 2, for n > 0, set f 0 (n) = n 2 + 1 for n ≤ 52, and define f 0 (n) for n ≥ 54 by the recursive formula
Theorem 2.1. Let M n be a connected, closed, even-dimensional Riemannian manifold with positive sectional curvature. If a torus T of dimension at least log 4/3 (n) acts effectively and isometrically on M , then
We will combine this theorem with Lemma 2.2 below, the purpose of which is to estimate f 0 (n). In order to state the lemma, we require two more definitions:
• Set n 0 = 0, n 1 = 54 and, for i ≥ 2, let n i be the minimal integer satisfying
• Set κ 0 = 1 and, for i ≥ 0, set
See Table 1 for some (approximate) values of n i and κ i .
Lemma 2.2. For all i ≥ 1 and n ≥ n i ,
Combining Theorem 2.1 with the i = 0 statement of Lemma 2.2, we easily obtain a proof of Theorem A. Before proceeding to the proof of Lemma 2.2, we wish to remark on the shape of our upper bound on b 2i (M T ). We shall compare the function f 0 with the approximation given in Theorem A against the background of an exponential bound. For this note that it is easily possible to modify the arguments we provide in order to obtain the exponential function we draw in the pictures below as an alternative upper bound. From the pictures already it should be obvious why we did not spend more effort on this.
Already from the graphs in Figures 1 and 2 , one sees that the functions grow strictly subexponentially. As for the asymptotic behavior, the exponential reference function may easily be chosen such that the power of two is a genuine fraction of n. +1) (red) under a logarithmically scaled yaxis respectively both axes being logarithmically scaled. As a reference the function 1.13576·10 −12 ·2 n , which also bounds f 0 , (black) is added.
Proof of Lemma 2.2. We give the proof for i ∈ {0, 1}, and we omit it for i > 1. First, the i = 0 statement follows for n ≤ 52 by definition of f 0 (n). +1) (red) under a logarithmically scaled yaxis respectively both axes being logarithmically scaled. As a reference the function 1.13576·10 −12 ·2 n , which also bounds f 0 , (black) is added.
For n ≥ 54 = n 1 , the estimate follows from the i = 1 statement, the proof of which we give now.
Computing the finitely many even values for n ∈ [54, 72] shows that
for all n in this interval. Consequently, we may proceed by induction using the fact that the recursion formula from n = 74 onwards will only use the values f 0 (n) with n ≥ 54. Thus, we may compute
, for n ≥ 74 as claimed. This proves the estimate for n ≥ n 1 and hence completes the proof in cases i = 1 and i = 0.
Proof of Theorem 2.1
We begin by proving the following sufficient condition for H * (M ; Q) to be 4-periodic.
For this we need to set up the following notation: Let T be a torus acting on a manifold M . For a submanifold N ⊆ M on which T acts, we let dk(N ) := dim ker(T | N ) denote the dimension of the kernel of the induced T -action on N .
Lemma 3.1. Let M n be a closed, one-connected Riemannian manifold with positive sectional curvature, and let T be a torus acting isometrically on M . Assume M T is nonempty, and let x ∈ M T . If there exists a subgroup
for all h ≥ 1 and
By maximality of k i , we have both of the estimates
where l is the dimension of the intersection of the (−1)-eigenspaces of the actions of τ i+1 and τ i τ i+1 on the normal space of N i−1 . Geometrically, l is the codimension of (N i−1 )
Together, these two estimates imply that k i ≥ 2k i+1 for all i ≥ 1. We draw two conclusions from this. First,
Since k j is even, we conclude that k j = 0. Second, for all 1 ≤ h ≤ j,
≤ n, so we can conclude both of the estimates 2k h ≤ dim (N h−1 ) and
We will use the first estimate in a moment. The second estimate implies that the inclusion N h → N h−1 is c-connected with c > 1 2 dim N h−1 . As a consequence, if H * (N h ; Q) is 4-periodic for some h, then H * (M ; Q) would be 4-periodic as well. We will use this fact later.
Let 2 ≤ i ≤ j be the the minimal index such that k i = 0. For 1 ≤ h < i, let l h denote the dimension of the intersection of the (−1)-eigenspaces of the action of τ h and τ i on T x (N h−1 ). Geometrically l h is the codimension of (N h−1 )
x . By replacing τ i by τ τ i for some τ ∈ τ 1 , . . . , τ i−1 , we may assume that l h ≤ k h /2 for all 1 ≤ h < i.
Let 1 ≤ h < i be the maximal index such that l h > 0. Observe that some l h > 0 since the subgroup Z j 2 acts effectively on M . It follows that N h is the transverse intersection of (N h−1 ) τ i x and (
is equal to 2l h + 2(k h − l h ) = 2k h ≤ dim (N h−1 ), we conclude that H * (N h−1 ; Q) is 4-periodic by the periodicity theorem. As already established, this implies that H * (M ; Q) is 4-periodic.
We proceed to the proof of Theorem 2.1, keeping the definitions of s(n) and f 0 (n) from Section 2. This will finally establish the proof of Theorem A.
First, the assumption dim(T ) ≥ log 4/3 n implies that dim(T ) > n 2 for n < 22. As this contradicts the maximal possible symmetry rank (Theorem 1.1), the theorem is vacuously true in these dimensions. Moreover, the theorem continues to hold for dimensions n ≤ 52 by Wilking's homotopy classification theorem (Theorem 1.2) and the definition of f 0 . We proceed by induction to prove the result for n ≥ 54. Set s = s(n) = log 2 n + log 2 (n + 2) − 2, and choose any Z s 2 ⊆ T . We split the proof of the induction step into two cases.
Case 1: There exists x ∈ M T such that every ι ∈ Z s 2 with dk (M ι x ) ≤ 1 and cod (M ι x ) ≤ n 2 actually has cod (M ι x ) ≤ n 4 . Case 2: For all x ∈ M T , there exists ι ∈ Z s 2 with dk (M ι x ) ≤ 1 and
Fix some x ∈ M T as in the statement of Case 1. Let 0 ≤ j ≤ log 2 n − 1 be maximal such that there exists a Z j 2 ⊆ Z s 2 with the property that every σ ∈ Z j 2 has dk (M σ x ) ≤ 1 and cod (M σ x ) ≤ n/4. We claim that j = log 2 n − 1.
Assuming this for a moment, Lemma 3.1 would imply that H * (M ; Q) is 4-periodic. In particular, Poincaré duality would imply that every even Betti number is at most one, so Conner's theorem and the definition of f 0 would let us conclude the proof by estimating as follows:
We prove now that j = log 2 n − 1. To do this, suppose instead that We may assume therefore that dk (M τ x ) ≤ 1 and hence, by the assumption
As in the proof that dk (M τ x ) ≤ 1, we can conclude without loss of generality that dk (M στ x ) ≤ 1. But now the assumption in Case 1 implies that cod (M στ x ) ≤ n/4. Hence every ι in the Z j+1 2 generated by Z j 2 and τ satisfies dk (M ι x ) ≤ 1 and cod (M ι x ) ≤ n/4. This contradicts the maximality of j and hence concludes the proof that j ≥ log 2 n − 1.
If Case 1 does not occur, it is clear that Case 2 does, so we conclude the proof of the bound b 2i (M T ) ≤ f 0 (n) by proving it under the assumptions of Case 2. We cannot calculate H * (M ; Q) in this Case 2. Instead, we cover M T by at most 2 s(n) − 1 submanifolds, each of which satisfies the induction hypothesis. Adding together the estimates for each of these submanifolds and applying the recursive definition of f 0 , we conclude the desired bound.
Proof in Case 2. Throughout the proof, we will use the notation b even (X) = b 2i (X) for the sum of the even Betti numbers of a space X. Suppose M T has t components, and choose x 1 , . . . , x t ∈ M T , one in each component. The assumption in Case 2 implies that there exist nontrivial involutions ι 1 , . . . , ι t ∈ Z s 2 such that dk M ι j x j ≤ 1 and
The T -action on M restricts to a T action on each M ι j x j . After dividing by the kernel of the induced action, we obtain an effective action by a torus
Since dim(T ) ≥ log 4/3 n and n > 4 3 n j , we see that dim (T j ) ≥ log 4/3 (n j ). It follows from the induction hypothesis that b even M
, since both dimensions are even. Hence, we obtain
We will use this estimate in a moment. The key observation is that the set {ι 1 , . . . , ι t } ⊆ Z s 2 \ {id} has at most 2 s − 1 = 2 s(n) − 1 elements. Moreover since each n j ≥ n/2, we can conclude from Frankel's theorem that the set {M ι 1 x 1 , . . . , M ιt xt } also has at most 2 s(n) − 1 elements. Let J ⊆ {1, . . . , t} denote an index set in one-to-one correspondence with the set of M ι j
T with j ∈ J, we have the estimate
Applying the estimate above and the recursive definition of f 0 , we see that
Proof of Theorem B
Recall that we are given an even-dimensional, closed, connected manifold M n . We have a fixed integer α ≥ 3, and we have an effective, isometric action by a torus T on M such that dim(T ) ≥ s α (n) where
Our task is threefold. First we prove in Lemma 4.1 that α = 3 implies that H * (M ; F) is 4-periodic for all fields F. Recall that this automatically implies
n where we interpret log b 3 n as 0 since log bα n → 0 as α → 3 from above.
Second, for α ≥ 4, we claim that the number of components b 0 (M T ) of M T is at most a α n+1 where a α = 3·2 α−4 /α. This is the first part of Theorem B and is proven in Lemma 4.4. Finally the second part of Theorem B, namely, that
, is proven in Lemma 4.5. We first prove the α = 3 statement. The proofs of both parts of Theorem B proceed by induction over α. This lemma therefore serves as a common base case. 
(1) M is homotopy equivalent to S n or CP n/2 , (2) M has the integral cohomology of HP n/4 , (3) n ≡ 2 mod 4 and, for all fields F, the cohomology of M with coefficients in F is isomorphic to either H * (CP n/2 ; F) or H * (S 2 × HP n−2 4 ; F), or (4) n ≡ 3 mod 4 and, for all fields F, the cohomology of M with coefficients in F is isomorphic to either H * (S n ; F) or H * (S 3 × HP n−3 4 ). In particular, M has 4-periodic rational cohomology.
Proof of Lemma 4.1. We induct over dimension. For n ≤ 3, the theorem is trivial. For 4 ≤ n ≤ 16, dim(T ) ≥ n/2, hence the result follows from the Grove and Searle's diffeomorphism classification (Theorem 1.1). For 17 ≤ n ≤ 120, the symmetry rank is at least dim(T ) ≥ n 4 + 1, so the theorem follows from Wilking's homotopy classification (Theorem 1.2). In each of these cases, the conclusion of the lemma follows from the universal coefficients theorem.
Suppose now that n > 120. The assumption on T implies dim(T ) ≥ max n 6 + 1, n 8 + 14 .
By Proposition 8.1 in [27] , if there exists an involution ι ∈ T with cod(M ι ) ≤ 7n 24 , then the conclusion of the lemma holds. It therefore suffices to prove the existence of such an involution. To see that such an involution exists, we adapt the proof of Corollary 3.2.a in [27] . Let T denote the torus acting isometrically on M . By Berger's theorem, there exists T r ⊆ T such that T r has a fixed point x ∈ M , where r = dim(T )−δ and where δ = 0 if n is even and δ = 1 if n is odd. We consider the isotropy representation T r → SO(T x M ) = SO(n) at x. The dimension of the (−1)-eigenspace of the image of an involution ι ∈ T r in SO(n) is equal to the codimension of M ι x . The proof of Corollary 3.2.a in [27] states that such an nontrivial involution ι ∈ T r exists with cod(M ι x ) ≤ 7n/24 if
where m = n/2 . The original proof concludes that this is the case for r ≥ m 3 + 1 and m ≥ 2700, and in particular for r ≥ n 6 + 1 and n ≥ 6000. In our case, the assumption on r in terms of m is that
Except for n = 126 and n = 131, this estimate holds for all n > 120. For n = 126 and n = 131, one can instead apply the Griesmer bound to find the desired involution. In all cases therefore, if n > 120, the involution ι with cod(M ι x ) ≤ 7n/24 exists. This concludes the proof of the lemma.
With the base case (α = 3) complete, we pause for a moment to prove a couple of lemmas that will facilitate our induction over α. The third estimate of Lemma 4.2 together with Lemma 4.3 already suggest how this will work. Lemma 4.2. For α ≥ 4, s α (n) satisfies the following:
The logarithm term is decreasing in α, so it is at most 2 log 2
, which is to say if n ≤ α(α − 1)/3.
For the second estimate, suppose that n > α(α − 1)/3. Observe that α ≥ 4 implies
On the other hand, α ≥ 4 and n > α(α − 1)/3 imply that 2n + 2 < α(α − 1) 3 n + 1 4
Combining this estimate with the one above for s α (n), we conclude the proof of the second estimate as follows:
α n. Hence we conclude the third estimate as follows:
Lemma 4.3. Assume M n is a closed, one-connected Riemannian manifold with positive sectional curvature, and assume T is a torus acting isometrically on M with dim(T ) ≥ s α (n) and α ≥ 4. If there exists a nontrivial involution ι ∈ T and a point
, then M has 4-periodic rational cohomology. Here, we are keeping the notation from Section 3: dk(M ι x ) denotes the dimension of the kernel of the induced T -action on M ι x . Proof. Choose ι and x as in the assumption of the lemma. If k = cod(M ι x ) is at most n/α, then Proposition 1.11 implies that M has 4-periodic rational cohomology. Indeed, the proposition applies since α ≥ 4 implies that α + 3 − 2 log 2 (2α) ≥ 1 and hence that
On the other hand, if k ≤ n/2 and dk(M ι x ) ≥ 2, then we can write M ι x as a transverse intersection and apply the periodicity theorem. To see this, observe that M ι x is fixed by a 2-dimensional torus inside T . Choose any nontrivial involution τ in this 2-torus not equal to ι. It follows that M ι x is the transverse intersection of M τ x and M τ ι x . Moreover, effectivity of the T -action implies that the codimensions of these manifolds are positive, and the assumption cod
We therefore conclude the lemma from the periodicity theorem.
We are ready to prove the first part of the proof of Theorem B: 
Proof. By Lemma 4.1, the theorem follows in the base case of α = 3. We proceed by induction the prove the theorem for α ≥ 4.
By Lemma 4.2 and the induction hypothesis, we may we may assume that n > α(α − 1)/3. In particular, by Lemma 4.2 again, we may assume that s α (n) ≥ log 2 (a α n 2 + 2n + 2).
Next observe that if M has 4-periodic rational cohomology, then the even Betti numbers of M are at most one. Hence we can conclude the theorem using Conner's theorem:
In particular, by Lemma 4.3, we may assume that, for all nontrivial involutions ι ∈ T and for all x ∈ M ι , if cod M ι x ≤ n/2, then cod M ι x > n/α and dk(M ι x ) ≤ 1. We proceed by contradiction. Assume there exist t = a α n + 2 distinct components of M T . The estimate on s α (n) established at the beginning of the proof implies dim(T ) ≥ s α (n) ≥ log 2 (t n + 2).
By Proposition 1.13 (with c = 0), there exists a nontrivial involution ι ∈ T and a component N ⊆ M ι with cod(N ) ≤ n 2 such that N contains at least
of the t components of M T . As established at the beginning of the proof, we may assume that cod(N ) > n/α and dk(M ι x ) ≤ 1. Let T = T / ker(T | N ), and observe that T acts effectively and isometrically on N . Moreover the components of N T are the components of M T that are contained in N . In particular, the number of components of N T is at least
. On the other hand, since
by Lemma 4.2, the induction hypothesis implies that the number of components of N T is at most a α−1 dim(N ) + 1. Putting these estimates together, we conclude that
and hence that t ≤ a α n + 1. This contradicts our definition of t , so the proof is complete.
With the proof of the first part of Theorem B complete, we spend the remainder of the section on the proof of the second part: Lemma 4.5 (Theorem B, Part 2). Let M n be a closed, one-connected Riemannian manifold with positive sectional curvature, and assume T is a torus acting by isometries on M . If α ≥ 3 and dim(T ) ≥ s α (n), then
The first step of the proof is to find submanifolds that have 4-periodic cohomology and that cover multiple components of M T . The second step is to use these submanifolds together with Conner's theorem to conclude the upper bound on b even (M T ). To quantify the first step, we prove the following: (1) and (2).
First note that the maximality of j implies n j > (α − j)(α − j − 1)/3. Indeed if this were not the case, then we could define M j+1 = M j and conclude from Lemma 4.2 that the chain M 0 ⊇ · · · ⊇ M j+1 satisfies properties (1) and (2) .
Next note that, if j ≥ α − 3, then the subchain
which implies that M α−3 has 4-periodic rational cohomology by Lemma 4.1.
We may assume therefore that j ≤ α − 4. We show in this case that M j has 4-periodic rational cohomology. We will do this by choosing an involution ι ∈ T and a component M j+1 of M ι j , using the maximality of j to conclude that M j+1 does not satisfy properties (1) and (2), then using this information to conclude that M j has 4-periodic rational cohomology.
Our first task is to choose the involution ι. Set T = T / ker(T | M j ). Note that T is a torus acting effectively on M j with dimension at least s α−j (n j ) by property (2) . By property (1) together with the first part of Theorem B (or Lemma 4.4), we have
T ≤ a α−j n j + 1.
In particular, log 2 (t j n j + 2) ≤ log 2 (a α−j n 2 j + n j + 2) ≤ s α−j (n j ), where the last inequality holds by Lemma 4.2 and our assumption that n j > (α − j)(α − j − 1)/3. This estimate allows us to apply Proposition 1.13 (with t = t j and c = 0). Choose a nontrivial involution ι ∈ T and a component
2 of the t j components of M T j = M T j . In particular, property (1) and our choice of M j+1 imply that M j+1 covers at least
of the components of M T , hence the chain M = M 0 ⊇ · · · ⊇ M j+1 satisfies property (1) . By maximality of j, this chain must fail to satisfy property (2) . It follows that
α−j , then M j has 4-periodic rational cohomology by Proposition 1.11, and if dim(T / ker(T | M j+1 )) ≤ dim(T / ker(T | M j )) − 2, then it follows as in the proof of Lemma 4.3 that M j is 4-periodic. Indeed there exists an involution τ such that M j+1 is the transverse intersection in M j of (M j ) τ x and (M j ) ιτ x . Moreover τ can be chosen such that the codimensions k 1 and k 2 of these submanifolds in M j are positive and satisfy
The periodicity theorem implies that M j has 4-periodic rational cohomology. This concludes the proof of the existence of a chain M = M 0 ⊇ · · · ⊇ M j satisfying properties (1), (2), and (3).
With the first step complete, the second step of the proof of Lemma 4.5 is to cover M T by chains M = M 0 ⊇ · · · ⊇ M j of varying lengths j ≤ α − 3 satisfying properties (1), (2), and (3). We will see that at most 1 + log bα n 2 + 1 chains are required. Since the M j in each such chain has 4-periodic rational cohomology, it satisfies
Combining these facts, Lemma 4.5 -and hence Theorem B -follows. We proceed with the details.
Proof of Lemma 4. 
Next, we apply the claim to the remaining u 1 components of M T . This yields a submanifold N 2 ⊆ M with 4-periodic rational cohomology such that N 1 ∪ N 2 covers all but u 2 components of M T , where
Continuing in this way, we claim that we obtain a cover of M T by rationally 4-periodic submanifolds N 1 , . . . , N h ⊆ M where
Indeed, after h steps of this process, there are u h components of M T not yet covered, and
If the right-hand side is less than 1, then we have covered M T by the submanifolds N 1 , . . . , N h . Moreover, the right-hand side is less than one if and only if Taking h = log bα ((b α − 1)t + 1) , we see that we can cover M T by rationally 4-periodic submanifolds N 1 , . . . , N h ⊆ M . Applying this fact together with Conner's theorem, we have
Recall that we have b even (N i ) ≤ n 2 + 1 for all i, hence, by using the first part of the theorem, we can conclude the theorem by estimating h as follows:
Proof of Corollary E
Recall that we are given an even-dimensional, one-connected, closed nmanifold with positive curvature and an isometric action by a torus T .
We will require the following theorem (see [ Keeping the assumption that b 2i+1 (M T ) = 0, and adding the assumption that the T -action is equivariantly formal, we obtain that the LeraySerre spectral sequence of the Borel construction degenerates at the E 2 -term. This implies that
Applying Conner's theorem, this implies that
The upper bounds on b 2i (M ) under the assumptions of Theorems A or B now follow from the corresponding bounds on
This leaves us with the task of proving b 2i+1 (M T ) = 0 under each of the assumptions (1)-(4). We first consider assumption (4) . That is, we assume that M T has an isolated fixed point and that M is rationally elliptic. According to [10 The last two points follow from the choice of N as a component of M H for some H ⊆ T . Indeed, such an N is totally geodesic, and T acts on N since T is abelian and connected.
By (f) and Conner's theorem,
hence it suffices to show that N has vanishing odd Betti numbers. Moreover, by (a) and (b), N is simply connected and has 4-periodic Betti numbers, so it suffices to prove that b 3 (N ) = 0. We prove this in three cases, which together cover Assumptions (1)-(3):
• Assume n ≡ 0 mod 4. By (c), dim(N ) is also divisible by four, hence four-periodicity and Poincaré duality imply
• Assume n ≡ 2 mod 4, and assume
The first implication holds because four-periodicity, Poincaré duality, and the assumption that dim(N ) ≡ n ≡ 2 mod 4 imply b 2 (N ) = b 4 (N ). The second implication follows from the definition of fourperiodicity. Indeed, the element x ∈ H 4 (N ; Q) inducing periodicity is zero, hence (d) and four-periodicity implies that the map Note that, by the previous case, we may assume that b 2 (N ) = b 4 (N ) = 1. By (e), N has positive curvature, so the Bott conjecture implies that N is rationally elliptic. In particular, χ(N ) ≥ 0. Using four-periodicity and the condition that dim(N ) ≡ n ≡ 2 mod 4, we can calculate χ(N ) in terms of the b 3 (N ):
By (d), this inequality implies b 3 (N ) ≤ 3. But b 3 (N ) must be even by Poincaré duality and the graded commutativity of the cup product, hence b 3 (N ) ≤ 2. Returning to the expression above for χ(N ), we conclude that χ(N ) > 0, and returning to the assumption of rational ellipticity, we conclude that b 3 (N ) = 0, as required.
Proofs of Corollaries C and D
In this section we prove Corollary C and comment on some consequences of it. We then state a more elaborate version of Corollary D.
Proof of Corollary C. Recall that we have a closed, one-connected manifold M n with positive sectional curvature and symmetry rank log 4/3 n. We assume that M is a k-fold Cartesian product or a k-fold connected sum of a manifold N . We claim that k < 3(log 2 n) 2 or k < 2 3(log 2 n) 2 , respectively. We prove the two cases simultaneously.
Observe that log 4/3 n ≥ 2 log 2 n, hence b 2 (M ) ≤ 1 by Theorem 1.10. Since b 2 (M ) = kb 2 (N ) in both cases, and since we may assume without loss of generality that k ≥ 2, we conclude that b 2 (M ) = 0. This implies χ(M ) ≥ 2 by Theorem E.
Theorem A implies that χ(M ) ≤ 2 3(log 2 n) 2 . Using the multiplicativity and additivity formulas for the Euler characteristic, we obtain either 2 ≤ χ(N ) k < 2 3(log 2 n) 2 or 2 ≤ 2 + k(χ(N ) − 2) < 2 3(log 2 n) 2 in the respective cases. These inequalities imply either 1 < χ(N ) < 2 3(log 2 n) 2 k or 2 ≤ χ(N ) < 2 + 2 3(log 2 n) 2 k .
The first is a contradiction for k ≥ 3(log 2 n) 2 , while the second implies χ(N ) = 2 for k ≥ 2 3(log 2 n) 2 , another contradiction.
Remark 6.1.
• Note that if there exists a nonnegatively curved metric on M , also the product metric is nonnegatively curved. No similar result on the existence of nonnegatively curved metrics on connected sums seems to be known unless it is the sum of two rank one symmetric spaces (see [6] ). Thus the result on the Cartesian power, i.e. the first assertion in the stable Hopf conjecture with symmetry (see Corollary C), appears to be stronger than the second one.
• As for the assertion on the iterated fibrations, the proof is similar.
Since the F i = G i /H i are compact homogeneous spaces of equal rank Lie groups, they have positive Euler characteristic and their Betti numbers are concentrated in even degrees. Hence χ(F i ) ≥ 2 for all i by Poincaré duality, and the arguments in the proof of Corollary C apply equally.
Example 6.2. Let us make the result provided by Corollary C more precise in the classical case of a product with factors S 2 . For example, the estimates in Theorem A imply that there is no metric of positive curvature on any of (S 2 ) ×124 , (S 2 ) ×125 , . . . , (S 2 ) ×314 compatible with the isometric action of a 20-torus.
We now proceed to Corollary D.
Proof of Corollary D. We have log 4/3 (2n) + 7 ≥ 2 log 2 (2n) + 7 for n ≥ 1. By Theorem 3.3 in [21] , there exists a product of spheres S = S n 1 × · · · × S nt with n i ≥ 16 such that Since χ(N ) = χ(M ) < 2 3(log 2 n) 2 , we conclude that the number of spherical factors s is less than 3(log 2 n) 2 . For this we make use of We leave it to the interested reader to vary this result using the factors κ i from Lemma 2.2 and Theorem 2.1. Besides, a variation of this result using Theorem B is obvious. Also, the presented result is certainly only interesting for large n, since in small dimensions dimension estimates will be better.
Index Theory and the proof of Theorem F
In this section we shall provide a proof of Theorem F. Before giving the necessary arguments let us cite the classical reference [19, Corollary, p. 317 ].
Theorem 7.1. Let g be an involution contained in the compact connected Lie group G acting differentiably on the 4k-dimensional spin manifold X. If the action is odd, then Ψ(X) = 0. Suppose the action is even and codim X g > 4r. Then in the Laurent series (1) the first r coefficients beginning withÂ(X) vanish. If r ≥ k/2, then Φ(X) does not depend on q, it equals the signature of X. If r > k/2, then Φ(X) = 0.
We remark that a similar statement holds if M is not necessarily spin, but has finite second and fourth homotopy groups. For this see [16, Theorem 2.1, p. 254] in its corrected form in [2] or [17] .
Proof of Theorem F. Let us first deal with the case of a spin manifold M . Due to Theorem 7.1 we may assume that the action of an involution g ∈ T , the effectively acting torus, is even. The proof of Theorem A, i.e. the two cases into which we separated it, now gives us the following alternative: Either we are in case one and the positively curved manifold M has fourperiodic cohomology, or case two applies.
If the latter is the case, then, in particular, there exists an involution g with a fixed-point component F satisfying As for the proof of the second assertion we proceed in an analogous way using the above cited version of Theorem 7.1. For this we observe that a manifold with four-periodic cohomology and b 4 = 0 is necessarily a rational cohomology sphere. Obviously, it is a rational homotopy sphere in this case then.
